Technische Universitat Miinchen Lambda Calculus
Institut fiir Informatik Winter Term 2022/23
Prof. Tobias Nipkow, Ph.D. Solutions to Exercise Sheet 10

Lukas Stevens

Exercise 1 (Example of Type Inference for let)
Consider the typing problem

rx:ablety=Xz.zziny (M. x) : 77
where « is a type variable.

a) Find the most general type schema o with x: a F Az. z x : ¢ and draw a type
derivation tree.

b) Draw the type derivation tree for
y:ox:aby (A x) 77

with the correct type for 7.

Solution

a) 0 =VpB. (o« = ) — B. Typing derivation:

Varz:a%ﬁ,x:al—z:a%ﬂ z:a%ﬁ,x:al—x:avar
: : : App
zia— pfr.akzx o
Abs
riabF Xz zx: (a—p)—p oI
riab Xz zax V. (a— p)—p ntro
b) Typing derivation:

Var Var
S yroxiaby VB (a—=B) =0 viv,yro,riakr
VElim Abs
y:ox:aby: (a—=a)—a y:a,x:al—()\v.x):oz—)aA

pp

y:ox:aby (M. x): o

Exercise 2 (Recursive let)
Recursive let expressions are one way (besides Y-combinators) to add recursion to A™.
t:=x|(t1 t2) | (A\z. t) | letrec v =t in ty
a) Modify the standard typing rule for let to create a suitable rule for letrec.

b) Considering type inference, what is the problematic property of this rule compared
to the rule for let?



Solution

a) The rule for letrec is like the rule for let, but we also add x to I" when checking
t1.
Clx: o1 Ft1: 0y Clx: o1 Fta: o9

LETREC
['F (letrec x =t; in ty): 09

Alternatively, we can combine this rule with the V-intro typing rule:

{ar...an}=FV(r)\ FV(I)
Ple:Voq...oapn. T|Ft: 7 Clz:Yoq...an. T Fty:m

LETREC’
' letrec x =t; intq: 1

b) The interesting property of this new typing rule is that we cannot know which
aj ...a, we need to generalize 7 over before we have inferred 7 (the type of ;).
Thus, typical compilers will only allow x to be used monomorphically in #;. Alter-
natively, the user can explicitly specify a type schema for x, so that it can be used
polymorphically.

Exercise 3 (Type Inference in Haskell (2))

Extend the implementation of the type inference algorithm from the last exercise with let
and letrec constructs.

Solution

See type_inference_let.hs.



Homework 4 (Fixed-point combinator)

Let
$ = Aabcde f ghijklmnopgstuvwxyzr. r(thisisa fixedpointcombinator)

and

€ = $3355535$355535$S$FISSSIS

Show that € is a fixed-point combinator.

Homework 5 (1et-Polymorphism)

Give a derivation tree for the following statement, and so determine the type 7:

z:m)]F leta=Ayz zyyinz (v 2):7

Homework 6 (Towards Syntax-Directed let-Polymorphism)

In the lecture, it was claimed that the systems DM and DM’, which, in contrast to DM,
has explicit rules VIntro and VElim, are essentially equivalent. More specifically, it was
claimed that

Pbkpyt:o=3r. Ikpyt: 7Agen(l',7) < 0.

As a step towards proving this result, we want to rearrange derivations in DM such that
they resemble derivations in DM’. In particular, prove that
a) Any derivation I' Fpy, ¢ : o can be transformed such that VElim only occur in a
chain below the Var rule, i.e.
Var
T .
VElim

VElim
VElIim

I'-2z:Vay,...,«q,.

r I—x:.‘v’an. T
'-x: 1

b) Any derivation I" Fpy ¢ ¢ o can be transformed such that VIntro only occur in a
chain that is terminated by an application of the Let rule or by the end of the proof,

i.e.
VIntro TE¢ ,\;aT -
VIntro L
VIntl"O F|_t1:\v/a1"“’an. T F[:L‘:V(Il’...,an. 7—] l_tQ: o L
F'kletxz =t inty: 0o “
or



I‘I—ilzr
Fl—tl:Van.T

VIntro
VIntro

'ty ‘v’ozl',...,ozn. T Vintro



