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Chapter 1

Untyped Lambda Calculus

1.1 Syntax

1.1.1 Terms
Definition 1.1.1. The set of lambda calculus terms is defined as follows:
t = ¢ | x| (tite) | (Az.t)

(t1 t2) is called application and represents the application of a function ¢; to an argument ¢s.

(Az.t) is called abstraction and represents the function with formal parameter x and body ¢;
x is bound in .

Convention:
T,Y, 2 variables
c,d, f,g,h constants
a,b atoms = variables U constants
r, S8, t,U, v, w terms

In lambda calculus there is one computation rule called S-reduction: ((Az.s) t) can be reduced
to s[t/x], the result of replacing the arguments ¢ for the formal parameter z in s. Examples:

((Az. ((f2) 2)) 5) —p ((£5)5)
(Az.z) (A\z. ) —g (Az.x)
)

(x (Ay.y)) cannot be reduced
The precise definition of s[t/x] needs some work.

Notation:

Application associates to the left: (t1...t,) = (((t1 t2)t3)...tn)

Outermost parentheses are omitted: ¢1...t, = (t1...t,)

A binds to the right as far as possible.
Example: Ax.zx = Ax.(zx) Z (A\z.x) x

Consecutive As can be combined: A\z1...Zn,.8 = Ax1. ... ATy S
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Terms as trees:

term: C T ()\a: t) (tl tg)

AT °

RN

1 to

8

tree: c

Example: term to tree (Az. fx)y

Ax/.\y
|
7\
f z

Definition 1.1.2. Term s is subterm of ¢, if the tree corresponding to s is a subtree of the
tree corresponding to t. Term s is a proper subterm of ¢ if s is a subterm of ¢ and s # t.

Example:

Is s (t u) a subterm of r s (t u) ?
No, rs(tu)=(rs)(tu)

1.1.2 Currying (Schonfinkeln)

Currying means reducing a function with multiple arguments to functions with a single argu-
ment.

Example:

f IN - IN
' rT—x+x

In lambda calculus: f = r.z+ =

[ NxIN->N
T (@) = x4y

Incorrect translation of g1 A(z,y).x +y
Not permitted by lambda calculus syntax!

~ /

Instead: ¢ = ¢ = Ax.\y.z+y
Therefore: g: N - (N - IN)

Example of evaluation:  ¢(5,3) =5+ 3
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Evaluation in lambda-calculus:

d53 = (53 = (A y.xz+y)b)3)
=5 ((A\y.5+y) 3)
—>g 5+3

The term ¢’ 5 is well defined. This is called partial application.
Illustration: In the table for g

g|r]2]--

1

g’ 5 corresponds to the unary function that is given by row 5 of the table.

In set theory: (AxB)—-C = A— (B—C)

( (AN,

: isomorphism in set theory )

1.1.3 Static binding and substitution

A variable x in term s is bound by the first Az above 2 (when viewing the term as a tree). If
there is no Az above some z, that z is called free in s.

Example:

Ar.(A\y. \x. .z y)

L

)
T free variable

Fach arrow points from the occurence of a variable to the binding A.

The set of free variables of a term can be defined recursively:

FV: term —  set of variables

FV(e) = 0

FV@) = {z}

FV(st) = FV(s)UFV(t)
FV(Ax.t) =  FV(t)\{z}

Definition 1.1.3. A term ¢ is said to be closed if FV(t) = 0.

Definition 1.1.4. The substitution of ¢ for all free occurrences of x in s (pronounced “s with
t for ") is recursively defined:

x[t/x] = t
alt/z] = a ifa#x
(s1s2)[t/a] = (salt/x]) (s2lt/x])
(Ax.s)[t/z] = Ax.s
(Ay-s)[t/z] = Ay.(st/x]) if v #yAy ¢ FV(t)
(ANy.s)[t/x] = Az.(s[z/y][t/z]) ifx#yANz¢ FV(s)UFV(t)U{x}
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To make the choice of z in the last rule deterministic, assume that the variables are linearly
ordered and that we take the first z such that z ¢ FV(t) U FV(s) U{z}. The next to last
equation is an optimized form of the last equation that avoids unnecessary renamings.

Example:
(z (Az.z) (A\y.z2)) [y/z] = (2ly/z]) ((Az.2)[y/=]) ( (Ay. 22)[y/=])
= y (A\z.z) (WY zy)

Lemma 1.1.5.  s[z/q] = s

s[t/x] = s if v ¢ FV(s)

sly/x][t/y] = s[t/x] ify ¢ FV(s)

slt/zllu/yl = slu/ylltlu/yl/z] fx#ynz ¢ FV(u)

slt/allu/y] = slu/y]lt/x] feFyNy g FV(QE) Az ¢ FV(u)

Remark: Some of these equations hold only up to renaming of bound variables. For example,
take equation 3 with s = \y.z and ¢t = z: s[y/z][t/y] = \y.2)[y/z][z/y] = A . y)[z/y] = N\ . 2
but s[t/x] = \y.z. We will identify terms like Ay'. z and A\y. z below.

1.1.4 «-conversion

If s and t are identical up to renaming of bound variables we write s =, t. Motto:
Gebundene Namen sind Schall und Rauch.
Example:

z(ANry.zy) = xAyz.yz) =4 x(Az2y.2Y)
fo 2 (Ozy.zy)
#o T (Arz.T )

Definition 1.1.6.

51 =a t1 82 = 19 2@ V(s)UV(t) sx:=z] =4 tly:= 2]
a=qa (s1 82) =q (t1 t2) (Az.s) =4 (Ay.t)

where V(t) is the set of all variables in ¢:
V(c) =0, V(z) = {z}, V(st)=V(s)UV(t), V(Az.t) =V (t)U{z}

and s[x := t] is non-renaming substitution:

x|z =1 t

alr .=t = a ifa#x
(s1 82)[z:=1t] = (s1[z:=1] s2][z :=1])
(Ax.s)[z:=t] = (Az.s)
My.s)[x:=t] = (A\y.s[z:=t]) ifrx#y

Convention:

1. We identify a-equivalent terms, i.e. we work with a-equivalent classes of terms. Example:
AT.T = Ay y.
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(\.z x)z

/s s
(Az.z z)((A\y.y)2) zz
N\ 78
((Ay-9)2)((Ay-y)2)

Figure 1.1: —4 is confluent?

2. Bound variables are automatically renamed in such a way that they are different from all
the free variables. Example: Let K = A\z. A\y. x:

Ks —3 Ay.s (ify ¢ FV(s))
Ky =5 M.y (y is free in y and that’s why y is renamed as y')

This simplifies substitution: if z # y then

(Ay. s)[t/z] = Ay. (s[t/x])

because by automatic renaming y ¢ FV(t).

1.2 [-reduction (contraction)

Definition 1.2.1. A (S-redex (reducible expression) is a term of form (A\z.s)t. We define

B-reduction by
Cl(Ax.s)t] —p C[s[t/z]]

Here C[v] is a term with a subterm v, and C is a context, i.e. a term with a hole where v is put.
A term t is in f-normal form if it is in normal form with regard to —g.
The reflexive transitive closure of —4 is denoted by —5-

Example: Az. (A\z.z x)(Az.x) =g A\x. (A\z.z)(Ax.x) =g Az. A\x. @
—_— —_——

Note:

e A term may have more than one S-reduct. Example: see Fig. 1.1.

e [-reduction may not terminate. Example: Q:= (Az.z z)(Az. 2z 2) 25 Q=5 Q=g ...
Definition 1.2.2. Alternative to definition 1.2.1 one can define — g inductively as follows:

1. (Az.s)t —p s[t/z]

2.s—=ps = (st)—=p(st)

3.s—=ps = (ts)—p(ts)

4. s =»gs’ = Az.s—=gir.d
That is to say, —+4 is the smallest relation that contains the above-mentioned four rules.
Lemma 1.2.3. If s =} s’ then Av.s =} Ax.s', (s 1) =% (s' t) and (t s) =} (t §).

Proof by induction on the length of the sequence s =7 s
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Lemma 1.2.4. t =5 t' = s[t/z] =% s[t'/a]
Proof: by induction on s:
1. s=ua: obvious
2. s=y#x  slt/r] =y ohy=s[t'/a]
3. s=c as in 2.

4. s = (81 82)2
(s1s2)t/x] = (s1[t/a]) (s2ft/z])  —f  (salt'/x]) (salt/a]) —
=5 (sift'/a]) (s2ft’/2]) = (s1 s2)[t'/] = s[t/a]

(using the induction hypothesis s;[t/z] —7% s;[t'/2], i = 1,2, as well as transitivity of —7%)

5. s=Ay.m: slt/a] = Ay. (r[t/z]) =% Ay (r[t'/2]) = (Ay.7r)[t'/2] = s[t'/a]
(using the induction hypothesis r[t/z] —7 r[t'/z]) O

Lemma 1.2.5. s =g s = s[t/z] —p §'[t/z]
Proof: by induction on the derivation of s —g s’ (rule induction) as defined in Definition 1.2.2.
1. s=A\y.r)u—gru/y ="
s[t/x] = (Ay. (r[t/a]))(ult/2]) —p (rlt/2])[ult/z]/y] = (rlu/y])[t/2] = §'[t/x]
2. 51 —p §) and s = (51 52) —p (5] s2) = ¢":

Induction hypothesis: s1[t/z] —3 s [t/x]

= s[t/a] = (s1[t/z])(s2[t/x]) =5 (s1[t/a])(s2lt/a]) = (51 s2)[t/x] = [t/ 7]

3. Analogous to 2.

4. Exercise. g
Corollary 1.2.6. s =} s' = s[t/z] =} s'[t/a]
Proof: by induction on n O
Corollary 1.2.7. s 558 At Spt! = s[t/z] Sp st /]

Proof: s[t/z] 55 s'[t/x] Dp 8'[t')2]
Does this also hold? t =g t' = s[t/z] =3 s[t' /]

Exercise 1.2.8. Show s =gt = FV(s) O FV(t). Why does F'V(s) = FV(t) not hold?

1.2.1 Confluence

We try to prove confluence via the diamond property. As seen in Fig 1.1, —3 does not have
the diamond property. There t := ((Ay.y)z)((Ay.y)z) cannot be reduced to z z in one step.

1. Attempt: parallel reduction of independent redexes (as symbol: =) since t = z z.

Problem: = does not have the diamond property either:
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/ (A\x.xc)d \
(M. (/\y xy) c) )\x x) dc
\ (. (Aa.z) d) y)

—_———

(Ay. (Az. x)d)y)c = ¢ d does not hold since (Ay. ((Az.x)d)y)c contains nested redexes.
Definition 1.2.9. The parallel (and nested) reduction relation > is defined inductively:
1. s>s
2. Ax.s > dx. s if s > ¢
3. (st)>(s't) if s> s and t > t' (parallel)

4. (Ax.s)t > §'[t'/z] if s > ' and t > ¢’ (parallel and nested)

Example:
Az, (My.y) ) (Ax.z) 2) > 2
—— N —
Note:

> is proper subset of —%: (Af. f 2)(Azv.x) —p (Az.2)z =5 z and (Af. f 2)(\z.2) >
(Az.x)z hold, but (Af. f 2)(Az.x) > z does not.

Lemma 1.2.10. s gt = s>t

Proof: by induction on the derivation of s —43 t according to definition 1.2.2.

1L If: s = (Az.u) v =g ufv/a] =t
= (Az.u) v > ufv/z] =t, since u > u and v > v

Remaining cases: exercises U

Lemma 1.2.11. s >t = s —>E t

Proof: by induction on the derivation of s > ¢t according to definition 1.2.9.

4. If: s = (Az.u) v > /z] = t,u > u ;0o >0

Induction hypotheses: u — o/, v — v/

s = (Av.u)v =% Az u)v =5 (Az.w')v" —p u/[v' /2]

Remaining cases: left as exercise O

Therefore i>5 and >* are identical.
The next lemma follows directly from the analysis of applicable rules:

Lemma 1.2.12. \z.s >t = 3s'. t=Xz.s’ A s> &

Lemma 1.2.13. s > s A t >t = s[t/z] > §[t'/2]
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Proof:

By induction on s; in case s = (s1 $2), case distinction by applied rule is necessary.
Details are left as exercises. The proof is graphically illustrated as follows:

s[t/x] s > s st/ x]
T x T x T
reductions-
t t t front 4 Y

Theorem 1.2.14. > has the diamond-property.
Proof: we show s >t; A s>ts = Ju.t; >u A to > u by induction on s.
1. sisan atom = s=t; =ty =:u

2. s=Mx.s
=t; = Az.t; and s >t} (for i =1,2)
=3t >u (1=1,2) (by induction hypothesis)
=t=Ax.t; > rv.u =1u

3. s=(s1 s2)

Case distinction by rules. Convention: s; > s}, s/ and s}, s/

> Uj;.
(a) (By induction hypothesis)

(s182) >3 (57 8)
Vs Vs

(s1755) >3 (u1ug)
(b) (By induction hypothesis and Lemma 1.2.13)

(Az.s1)s2 >4 s)[sh/x]
V4 V

silsy/a] > wfuz/a]
(¢) (By induction hypothesis and Lemma 1.2.13)

(Az.s1)s2 >3 (Ax.s))sh
V4 \7

silss/a] > wfuz/a]

From the Lemmas 1.2.10 and 1.2.11 and Theorem 1.2.14 with A.2.5, the following lemma is
obtained directly

Corollary 1.2.15. —3 is confluent.
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1.3 n-reduction
Ae.(tzx) —, t ifaxg FV(T)
Motivation for n-reduction: Az. (¢ x) and t behave identically as functions:
(Az. (t x))u =g tu
ifx ¢ FV ().
Of course n-reduction is not allowed at the root only.
Definition 1.3.1. C[Az. (t z)] —, C[t] ifx ¢ FV(t).
Fact 1.3.2. —, terminates.

We prove local confluence of —,. Confluence of —;, follows from local confluence because
of termination and Newman’s Lemma.

Fact 1.3.3. s =, t = FV(s)=FV(t)

Lemma 1.3.4. —, is locally confluent.
o —— o

n |
n *aT)
* \

e - -->0

Proof: by case discintion on the relative position of the two redexes in syntax tree of terms.

1. The redexes lie in separate subterms.

n n
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2. The positions of the redexes are identical. Obvious.

3. One redex is above the other. Proof by Fact 1.3.3.

Az.sT —y S

n +n

Ae.s'z =, 8
Corollary 1.3.5. —, is confluent.

Proof: —, terminates and is locally confluent.

Exercise: Define —, inductively and prove the local confluence of —, with help of that
definition.

Remark:

—y, does not have the diamond-property. But one can prove that 3,7 has the diamond-
property by slightly modifiying Fact 1.3.3.

Lemma 1.3.6.

Proof: by case distinction on the relative position of redexes.
1. In separate subtrees: obvious

2. n-redex far below S-redex (no overlap):

(a) t —, t"
(Az. s)t —— s[t/z]
P
n * “77
v
(Az.s)t' - - > s[t'/x]
B
using the lemmas ¢ —, t' = s[t/x] — s[t'/z].
(b) s — "
(Az. s)t —— st/x]
oo
n “77

v
(Az. st - - > §[t/q]
B
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3. B-redex (s —p §') far below the n-redex (no overlap):

\Ne.sx —> .8 x

with help of exercise 1.2.8.

4. B-redex directly above the n-redex (they overlap):

Az (sx))t ——> st

U *11)

_ v

st —----->s5t
B

5. p-redex directly below the n-redex (they overlap):
Az, ((Ay. s)x) —= Az s[z/y]

n *11)
_ V
AY.§ —------ > \y. s
&
because A\y.s =q Az.s[z/y] as @ € FV(s) due to Az. ((Ay. s)z) =, Ay. s O

By Lemma A.3.3, i>@ and i>77 commute. Since both are confluent, with the lemma of
Hindley and Rosen the following corollary holds.

Corollary 1.3.7. —g, is confluent.

1.4 A-calculus as an equational theory

1.4.1 [-conversion

Definition 1.4.1 (equivalence modulo S-conversion).

s=pt & sHEt

Alternatively:
(Az.s) t =g s[t/x] t=pt
s=pt s=pt 81 =pt1 S2=pgt2 s=pgt t=gu
Ax.s =g Ax.t t=ps (s1 82) =g (t1 t2) s=gu

Since — g is confluent, one can replace the test for equivalence with the search for a common
reduction.
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Theorem 1.4.2. s =g t is decidable if s and t possess a B-normal form, otherwise undecidable.

Proof: Decidability follows directly from Corollary A.2.8, since —3 is confluent. Undecid-
ability follows from the fact that A-terms are programs and program equivalences are undecid-
able. O

1.4.2 n-conversion and extensionality

Extensionality means that two functions are equal if they are equal on all arguments:

Yu.su=tu
ext: ———
s=1
Theorem 1.4.3. 5+ n and 8+ ext define the same equivalence on \-terms.
Proof:
n=ext: Vusu=tu = sx=tx wherex ¢ FV(s,t) = s=pAx.(sx)=Xz.(tx)=t
B+ext=mn: let x ¢ FV(s): Vu.(Az. (sz))u=gsu = Ar.(sx)=s O
Definition 1.4.4.
§—=gpt = Ss—pgt V.s—yt
s=pgyt & st

Analogously to =g , we have the following theorem.
Theorem 1.4.5. s =g, t is decidable if s and t possess a fn-normalform, otherwise undecidable.
Since —, is terminating and confluent, the following corollary holds.

Corollary 1.4.6. <>} is decidable.

1.5 Reduction strategies

The order in which S-redexes are contracted can influence if a normal form is reached or not.
For example (where (2 := (A\z.z x)(Az.z x)):

call-by-value

(Ax.5)(Q2)
\ 5 call-by-name

Theorem 1.5.1. Ift has a B-normal form, then this normal form can be reached by reducing
the leftmost B-redex in each step. This is called normal-order reduction.

A sequence of leftmost reductions where the A in every [-redex is underlined:

Az.xz(\y.zyy) x) (Az. Aw. 2)
=5 (Az. dw. z) (Ay. (Az. dw. 2) yy) (Az. Aw. 2)
=5 (AQw. (A\y. (Az. dw. 2) yy) (A\z. dw. 2)
=5 (Ay.(Az. dw. 2) yy)
=g (Ay. Qw.y)y)
=5 (My.y)

The leftmost redex in the linear (string) representation of a term is the leftmost outermost
(i.e. the leftmost of the outermost) S-redex in the tree representation. For example consider:
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The leftmost redex in the string (Az. (Ay.y) z)) z is not the leftmost redex in the tree but the
leftmost of the outermost redexes.

Now for some precise inductive definitions.

Notation: t,, is a sequence of terms t1, ..., t,,. If the number of terms is irrelevant we simply
write ¢.

The small-step normal-order reduction relation —, reduces the leftmost outermost (-
redex in each step.

Definition 1.5.2. The relation —,, is defined inductively:

by tm €NF 1 o1’ o s —nt
P Yoo ot B () s o rls/als ()

The relation —,, is deterministic: any term can reduce to at most one other term. This
is not hard to see because each term can be reduced by at most one rule and each rule is
deterministic. A proper proof requires induction.

The normal-order reduction relation =,, defined below reduces a term in one big step. It is
the big-step counterpart of the small-step relation —,, and can be viewed as inductive definition
of a recursive normalization function.

Definition 1.5.3. The relation =, is defined inductively:

S1=ntlyeoy Sm =n tm (1) s =yt @) rls/z]s =pt
TSm = Ty AL. s =p ATt (Ar.1)ss =yt

(3)

Definition 1.5.4. The set NF' of terms is defined inductively:

ti,...,tm € NF
zty, € NF

te NF
1 _te NF
(1) Ax.t € NF (2)

Lemma 1.5.5. Term t is in S-normal form iff t € NF.
Lemma 1.5.6. If s =, t thent € NF.

Proof. By induction on s =, t.
Case (1): We have s; =, t; and t; € NF (IH). Thus z t,, € NF by (1).
Case (2): We have s =, t and t € NF (IH). Thus A\z.t € NF by (2).
Case (3): t € NF follows directly by TH. O

Theorem 1.5.7. s =, t iff s 5., t and t € NF.

Theorem 1.5.8 (Standardization). If s =>4 t and t € NF then there is a normal-order reduction

*
sequence from s tot: s —, t.

For a proof see, for example, Barendregt [Bar84].
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1.5.1 Evaluation strategies in Programming Languages

FEvaluation in programming languages is more restrictive than reduction in lambda calculus:
terms must be closed and there is no reduction under As. More precisely, evaluation stops as
soon as a value has been reached. In our simple setting, the only values are A-abstractions:

v o= Azt
Call-by-name is a restriction of normal-order reduction. This is a small-step formulation:

Definition 1.5.9. The relation — ., is defined inductively:

r—Sepn T

Az.7) S = [s/2] (1) 78 —aqnt's (2)

Call-by-name reduction is deterministic.
In contrast to call-by-name, call-by-value evaluates the arguments before substituting them
into the function. This is a small-step formulation:

Definition 1.5.10. The relation — ., is defined inductively:

e ) T b T’
(Ax.r)v =y T[v/2] (1) rs ey 1S VT —Sepy VT

Call-by-value reduction is also deterministic.

1.6 Labeled terms

Motivation: let-expression
let z =sint —1e¢ t[s/x]

let can be interpreted as labeled p-redex. Example:

letx=(lety=siny+y)inz*xzr —> letx=s+sinzx*x

\
(lety=siny+y)*x(lety=siny+y) ----> (s+s)*(s+s)
Set of labeled terms 7T is defined as follows:
t = ¢ | x| (tite) | Azt | (Az.s)t

Note: Ax.s ¢ T (why?)

Definition 1.6.1. ﬁ—reduction of labeled terms:
Cl(Az.s) t] =g C|[s[t/z]]

Goal: — g terminates.

Property: — 3 cannot generate new labeled redexes, but can only copy and modify existing
redexes. The following example shall illustrate the difference between — g and — 4:
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but

(Ar.xz z)Ar.x x) =g (A\r.x x)(Az.a )

new (-redex

(Ar.z z)(A\z.w ) =g (A2 2)(A\D.2 2)

no é—redex

If s = t, then every f-redex in ¢ derives from exactly one -redex in s.

In the following, let s[t1/z1,...,t,/xy] be the simultaneous substitution of x; by ¢; in s.

Lemma 1.6.2.

1.

Sy t1,.. .y tn GI = S[tl/l'l,...,tn/.fn] GI

2.s€T A s—pt = teT

Exercise 1.6.3. Prove this lemma.

Theorem 1.6.4. Let s,t1,...,t, € T. Then s[ti/x1,...,t,/xy,] terminates with regard to —4
if every t; terminates.

Proof: by induction on s. Set [o] := [t1/21, ..., tn/xy).
1. s is a constant: obvious
2. sis a variable: e Vi.s # z;: obvious

e s = x;: obvious since t; terminates
3. s=(s1 s2):

slo] = (s1]o])(s2]o]) terminates, because s;[o] terminates (Ind.-Hyp.), and si[o] —% Azt
is impossible due to Lemma 1.6.2, since s1[o] € T but Az.t ¢ T. B

. 8§ = Ax.t: s[o] = \z.(t[o]) terminates since t[o]| terminates (Ind.-Hyp.).

. s = (Axt)u

slo] = (Az.(t[o]))(ulo]), where t[o] and u[o]| terminate (Ind.-Hyp.). Every infinite reduc-
tion would look like this:

slo] —>E Az.t') o —p t'[u’ /x] —p

But: Since u[o] terminates and u[o] —% v/, v’ must also terminate. Since t[o] —7% t, the
following also holds: B B

tlo,u'/x] —5 t'[u/x]
N—— = N——
This terminates by Ind.-Hyp., So, this must also
since o and v’ terminate. terminate.
= Contradiction to the assumption that there is an infinite reduction. ]

Corollary 1.6.5. —3 terminates for all terms in T .

Length of reduction sequence: not more than exponential in the size of the input term.
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Theorem 1.6.6. — 3 is confluent.

Proof: —3 is locally confluent. (Use termination and Newman’s Lemma.) O

Connection between — g and the parallel reduction >:

Theorem 1.6.7. Let |s| the unlabeled version of s € T. Then,

s>t & EI§EI.§—>E2€/\|§|:3

1.7 Lambda calculus as a programming language

1.7.1 Data types

e bool:

true, false, if with if truezy —jz
and if falsex y —>2 Y

is realized by

true = JAxy.r
false = Azy.y
if = Azxyzay

e Pairs:

fst, snd, pair with fst(pair z y) =} @
and  snd(pair z y) =5y

is realized by

fst = Ap.p true
snd = Ap.pfalse
pair = JAzxy.\z.zzxy

Example:

fst(pairz y) —p fst(Azzzy) —g (Azzzy)(Azy.o)
=g (Mryzx)zy —5 (Ayx)y —5

e nat (Church-Numerals):

0 = Afdxx

1 = A fx

2 = Az f(fa)

n = MAx.f"(z) =AMz f(f(... f(z)...))
——

n-times
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Arithmetic:
succ = MnAfz.f(n fx)
add = MmnAfz.m f(n f x)
iszero = An.n(A\zr.false) true
Therefore:

addnm —* AMznf(mfz) =2 Mo f(f™(z))
=2 Az fr(f™=x) = Mz.fz) = n+m

Exercise 1.7.1.

1. Lists in A-calculus: Find A-terms for nil, cons, hd, t1, null with

null nil —* true hd(cons x ) —* x
null(cons z [) —* false tl(cons x ) —* 1

Hint: Use Pairs.

2. Find mult with mult mn — mx*n

and expt with expt mn — m”

3. Difficult: Find pred with pred m+1 - m and pred0 = 0

1.7.2 Recursive functions

Given a recursive function f(z) = e, we look for a non-recursive representation f = t. Note:
f(x) = e is not a definition in the mathematical sense, but only a (not uniquely) characterizing

property.
flz)=e

= f=Azre

= f=s\fAze)f
= fis fixed point of F':= Afx.e,ie. f=F f

Let fix be a fixed point operator, i.e. fix t =g t(fix t) for all terms t. Then f can be

defined non-recursively as follows
f=1fix F

Recursive f and non-recursive f behave identically:

1. recursive:
fs=(\z.e)s—gels/z]

2. non-recursive:
fs=1*fixFs =3 F(fixF)s = F fs —>25 elf/f,s/x] = e[s/x]

Example:
add m n = if (iszero m) n (add (pred m) (succ n))

add := fix (Aadd.Amn.if (iszero m) n (add (pred m)(succ n)))
A
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add12 = fixA12
—, Al(fix A)12
—>% if (iszero 1) 2 (fix A (pred 1) (succ 2))
—>;§ fix A03
=3 A(fix A)03
—>% if (iszero 0) 3 (...)
—5 3

Note: even add 1 2 i)g 3 holds. Why?

We now show that fix, i.e. the fixed point operator, can be defined in pure A-calculus. The
two most well-known solutions are:

Church: Vy:=Xz.f(z z) and Y := A\f.V; V;
Y is called “Church’s fixed-point combinator”
Yt =g Vi Vi =g t(Vi Vi) <5 t(AfVyVE)t) = t(Y 1)
Therefore: Y t =5 t(Y t)
Turing: A:=Xe f.f(rx f) and © := A A =g Af.f(A A f). Therefore
Ot = AAt =g (A f(AAf)t =5 t(AAL) = t(O1F)

Therefore: © t —7 ¢(© t)

1.7.3 Computable functions on IN

Definition 1.7.2. A (possibly partial) function f : IN" — IN is A-definable if there exists a
closed pure A-term (without free variables!) with

L.tmy ... %—%m,iff(ml,...,mn):m
2. tmy ... my has no f-normal form, if f(m,...,m,) is undefinied.

Theorem 1.7.3. All the Turing machine-computable functions (while-computable, u-recursive)
are lambda-definable, and vice versa.



Chapter 2
Combinatory logic (CL)

Keyword: ”variable-free programming”

Terms:
X o= x | S| K | I | ... | XiXe | (X)
variables constants
Application associates to the left asusual: XY Z = (XY)Z

Combinators are variable-free terms. (More precisely: they contain only S and K.)

Calculation rules for weak reduction (weak reduction, —,):

X —y X
KXY — X
SXYZ =y (X2)Y 2)
X 2w X' = XY -, XY AN YX =, YX

Examples:
1. SKXY =y KY(XY) —, Y
2. SKKX —y KXKX) —y X

We see that S K K and | behave identically. Therefore | is theoretically unnecessary, but it is
useful in practice.

Theorem 2.0.1. — is confluent.
Proof possibilities:
1. Proof by parallel reduction. This is simpler than the proof for —4.
2. Proof by “Each orthogonal term rewriting system is confluent.”
The term rewriting system —, is not terminating:

Exercise 2.0.2. Find a comtinator X with X —>VJ5 X.

23
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Exercise 2.0.3. Find combinators A, W, B with

AX =% XX
WXY =5 XYY
BXY Z =% X (Y 2)

Theorem 2.0.4. If a CL-term has a normal form, then one can find this normal form by
always reducing the leftmost-outermost — -redex.

2.1 Relationship between A-calculus and CL

Translation of A-terms into CL-terms:

(Der - A-Terme —  CL-Terme
() = =
(st)er = (s)ev (P)cL
(Ax.s)c, = A'z.(s)cL

Auxiliary function A\*:  Vars x CL-terms — CL-terms

Nx.x = |
N X = K X if 2 ¢ FV(X)
Nz (XY) = SNz X)(A\zY) ifze FV(XY)

Lemma 2.1.1. (Mz.X)Y =} X[Y/x]
Proof: by structural induction on X
e if X = W2 X)Y=1Y -, Y =X[Y/x]
e if x in X is not free: (\*2.X)Y =K XY —y X = X[Y/z]
e if X=UV and z € FV(X):

Nz (U V)Y = SNaU)NzV)Y =y (Mz.0)Y)((Va.V)Y)
(Ind-Hyp.) —w UY/2])(V[Y/2]) = X[Y/x]

Translation of CL-terms into A-terms:

(O : CL-Terme —  A-Terme
(@h = =
(K)x = Azyz
S)a = Azyzxz (y2)
(XY) = (X))

Theorem 2.1.2. ((s)cL)x —3 s

Proof: by structural induction on s:
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L. ((a)cL)r =a
2. By Ind.-Hyp.: ((t w)cL)x = ((t)cr (wen)r = ((Oeu)a((w)en)x —s tu
3. By lemma 2.1.3 and Ind.-Hyp.: ((Az.t)cr)x = Nz.(t)cr)xn —p Av.(t)cn)y —p Azt O
Lemma 2.1.3. (\*2.P)y =5 Az.(P)y
Proof: exercise.
Corollary 2.1.4. S and K are sufficient to represent all the A-terms: Vs3X.(X)x =3 s
Proof: set X := (s)cL

Exercise 2.1.5. Show that B, C, K and W are also sufficient to represent all A-terms () (Here:
CXYZ —y XZY). Is it possible to leave out K as well?

Theorem 2.1.6. ((X)\)crL =w,ext X where =y, = <%

Ve X o =yext Y @
X —w,ext Y

(ext) : (extensionality)

Theorem 2.1.7. X —,Y = (X), —% (Y)a

Proof
CIKX Y] ———> C[X]
A A
Chl(Azy.z) Xy Ya] —> ChIX))]
Similarly for S. O

But: in general s =3 t does not imply (s)cr, =4 (t)cr. Exercise: Find a counterexample!
Corollary 2.1.8. If (t)cr, — X then t =g (X)\ because t *g< ((t)cr)r =5 (X)r by Theo-
rems 2.1.2 and 2.1.7.

2.2 Implementation issues
Problems with the effective implementation of —g:
e Naive implementation by copying is very inefficient!

e Copying is sometimes necessary.

Example: Let t := \z.(f ).

Az (zx))t —5 (o o)

\/

t
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with a copy:
=g  f(Ax.fx)
Without a copy, a cyclic term arises:
)\‘x
e N
f °

generally:

N
(Az.s)

For f-reduction of (e t) copy of s is necessary!

e (-conversion is necessary.

Graph reduction

A radical solution is the translation into CL, because — is implemented on graphs without
copying:

. (Ke)y —w

2.Szyz —w xz(y2):

0/.\0 o 0/ \0

SN
A b

Here the problem is that (-)cr, terms can get fairly large. But this problem can be com-
pensated by optimization (replace S and K by optimal combinators). However, the structure of
A-terms always gets lost.
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De Bruijn Notation

A second solution is the so-called de Bruijn indices:

Az Ay (zz) = AA(12)
Bound variables are indices that indicate how many As one must go through to get to the
binding site. The syntax is therefore

t = 4 | At | (tl tg)

Examples:

1

Az.x A0
Ae.(yz) = A12)

De Bruijn terms are difficult to read because the same bound variable can appear with different
indexes. Example:

Az (Ayyx) = A0(A01)))

But: a-equivalent terms are identical in this notation!
We now consider S-reduction and substitution. Examples:

Ar.( Ay Azy)er —p Az Az
A(N)0) =5 AA

In general:
(As)t  —p  s[t/0]

where s[t/i] means replacing ¢ in s by ¢, where free variables in ¢ may need to be incremented,
and decrementing all free variables > ¢ in s by 1. Formally:

jlt/i] = if i=j thent else if j > i then j — 1 else j
(s1s2)[t/i] = (sa[t/i])(s2[t/i])
(As)[t/i] = A(s[1ift(t,0)/i+ 1))

where 1ift(t,7) means incrementing all variables > i in ¢ by 1. Formally:

1ift(j,i) = if’ j>ithenj+1elsej
Lift((s1 s9),4) = (Lift(sy,i))(1ift(s2,4))
lift(As,i) = A(1ift(s,i+1))

Example:

(Azy.x)z = (AA1)0 —5  (A1)[0/0]
A(1[1/1]) = Al

A(1[1i£t(0,0)/1]) =
Y.z

11l
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Chapter 3

Typed Lambda Calculi

Why types 7
1. To avoid inconsistency.
Gottlob Frege’s predicate logic (=~ 1879) allows unlimited quantification over predicate.
Russel (1901) discovers the paradox {X | X ¢ X}.

Whitehead & Russel’s Principia Mathematica (1910-1913) forbids X € X using a type
system based on “levels”.
Church (1930) invents the untyped A-calculus as a logic.

True, False, A, ... are A\-terms

{z| P} = \x.P reM = Mx

inconsistence: R := Az.not (rz) = R R=gnot(RR)

Church’s simply typed A-calculus (1940) forbids x = with a type system.

2. To avoid programming errors.
Classification of type systems:
monomorphic: Each identifier has exactly one type.
polymorphic: An identifier can have multiple types.
static: Type correctness is checked at compile time.

dynamic: Type correctness is checked at run time.

‘ static dynamic

monomorphic | Pascal

polymorphic | ML, Haskell Lisp, Smalltalk
(C++,) Java

3. To express specifications as types.
Method: dependent types
Example: mod: nat x mmat — {k |0 <k <m}
Result type depends on the input value
This approach is known as “type theory”.

29
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3.1 Simply typed A-calculus (A7)

The simply typed A-calculus is the heart of any typed (functional) programming language. Its
types are built up from base types via the function space constructor according to the following
grammar, where 7 always represents a type:

T = bool ] nat | int | | T — T2 | (7')

basic types

Convention: — associates to the right:
T — T2 — T3 = 7'1—>(7'2—>7’3)
Terms:

1. implicitly typed: terms as in the pure untyped A-calculus, but each variable has a unique
(implicit) type.

2. explicitly typed terms: t u= x| (t1t2) | A7t

In both cases these are so-called “raw” typed terms, which are not necessarily type-correct, e.g.
Az :int.(x x).

3.1.1 Type checking for explicitly typed terms

The goal is the derivation of statements of the form I' - ¢ : 7, i.e. ¢ has the type 7 in the context
I'. Here I" has a finite function from variables to types. Notation: [z} : 71,...,2p : 7). The
notation I'[z : 7] means to override I" by the mapping = — 7. Formally:

D0 = { 1) meberes

otherwise

Type checking rules:
I'(x) is defined

'kz:T(z) (Var)
Ple:7|Ht: 7
F'Xe:rt:7— 1

I'bHt1:m = m I'kty:m
Fl—(tltg)ZTQ

(App) (Abs)

Examples:

e A simple derivation:
Fz:7|Fa:7
I'tXe:7x:7—>71

e Not every term has a type. There are no context I and types 7 and 7/ such that I' - Az :
7.(z x) : 7, because

T=T7T9 —T1 T =T

le:7rlFe:n—mn Tr:7lFz:n

Dlz:7|F(zx):7 T=7—>m7
X7 (za): 7

= Contradiction: =3m, 70 : 70 — T = T2
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The type checking rules constitute an algorithm for type checking by applying them backwards
as in Prolog. In a functional style this becomes a function type that takes a context and a term
and computes the type of the term or fails:

type I' = I'(z)
type T' (t1 t2) = letm =typel ty
T2 =type I ty
in case 71 of
7 — 7 = if 7 = 75 then 7’ else fail
| - = fail
type I’ Az :7.t) = 17— type (Clx:7])t

Definition 3.1.1. t is type-correct (with regard to I'), if there exists 7 such that I' -t : 7.

Lemma 3.1.2. The type of a type-correct term is uniquely determined (with respect to a fized
context T').

This follows because there is exactly one rule for each syntactic form of term: the rules are
syntaz-directed. Hence we are dealing with a monomorphic type system.

Lemma 3.1.3. Fach subterm of a type-correct term is type-correct.

This is obvious from the rules.
Typed terms are closed under substitution:

Lemma 3.1.4. IfT[z:7|Fs:7 and T+t :7 then T F s[t/x] : 7'.

The proof is by induction on 'z : 7] F s : 7/.
The subject reduction theorem tells us that S-reduction preserves the type of a term. This
means that the reduction of a well-typed term cannot lead to a runtime type error.

Theorem 3.1.5 (Subject reduction). I'Ft:7At —»5t’ = T'Ht':7
This does not hold for S-expansion:
[ :int,y:7T]Fy: 7T

and
y:7 < (Az:bool.y)x

but: (Az:bool.y) z is not type-correct!
Theorem 3.1.6. —g (—,,—3y) over type-correct terms is confluent.
This does not hold for all raw terms:

Az :int.x

B
\n Ay : bool.y

Az @ int.(A\y : bool.y) x

Theorem 3.1.7. — 3 terminates over type-correct terms.

The proof is discussed in Section 3.2. A vague intuition is that the type system forbids
self-application and thus recursion. This has the following positive consequence:

Corollary 3.1.8. =g is decidable for type-correct terms.
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But there are type-correct terms s, such that the shortest reduction of s into a normal form
has the length

2
02
—~—
size of s
However, these pathological examples are very rare in practice.
The negative consequence of Theorem 3.1.7 is the following:

Corollary 3.1.9. Not all computable functions can be represented as type-correct A\ -terms.

In fact, only polynomials 4 case distinction can be represented in A™.
Question: Why are typed functional languages still Turing complete?

Theorem 3.1.10. Assume we are given a base type nat with constants 0 : nat, succ : nat — nat,
pred : nat — nat, ifz : nat — nat — nat — nat and fized-point combinators Y. : (1 = 1) = T
for every type 7. Assume further that the constants come with the following reduction rules:

pred(succt) — t ifz0xy — «x
pred0 — 0 ifz (succt)zy — vy
Yot — t(Yrt)

Then every computable function can be represented as a closed type-correct X\ -term which
contains as its only constants those introduced above.

3.2 Termination of —g

The proof in this section is based heavily on the combinatorial proof of Loader [Loa98]. A more
general proof, which goes back to Tate, can also be found in Loader’s notes or in the standard
literature [HS08, GLT90, Han04].

For simplicity, we work with implicitly typed or even untyped terms.

Definition 3.2.1. Let ¢ be an arbitrary A-term. We say that ¢ diverges (with regard to —3)
if and only if there exists an infinite reduction sequence t —g t1 —g to —g ---. We say that ¢
terminates (with regard to —3) and write ¢ if and only if ¢ does not diverge.

We first define a subset T" of untyped A-terms:

reT rls/z]s1...sn €T seT

T1yeeoyTn €T )
Ax.reT (Axr)ssy...sp €T

xry...rp €T

(Var) (B)

Lemma 3.2.2. teT =t|

Proof By induction on derivation of t € T' (“rule induction”).

(Var) (zry...r,){ follows directly from r1l}, ..., r,{, since z is a variable.

(A) (Az.r){ directly follows from 7).

(B) Because of LH. (r[s/x]s1...sn), 7l and s;d}, i = 1,...,n. If (A\x.r) ssy...s, diverged,
there would have to exist the infinite reduction sequence of the following form:

(Az.r)ssi...sn =5 (Aear')s'sy .. os, =g r'[s/x]sy . s, —p -

since r, s (by LH.) and all s; terminate. However, r[s/z]s1...s, =} r'[s/x] ] ... 5], also holds.
This contradicts the termination of r[s/z] sy ...s,. Therefore (Ax.r)ssj...s, cannot diverge.
O

One can also show the converse. Thus T contains exactly the terminating terms.
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Now we shall show that T is closed under substitution and application of type-correct terms.
This is done by induction on the types. As we work with implicitly typed terms, the context I
disappears. We simply write ¢ : 7.

We call a type 7 applicative if and only if for all ¢, » and o, the following holds.

t:tr—o r:7 teT reT
treT

We call 7 substitutive if and only if for all s, r and o, the following holds.

s:o r:1t z:1 s€T reT
sir/x) €T

Lemma 3.2.3. Fvery substitutive type is applicative.

Proof Let 7 be substitutive. We show that 7 is applicative by induction on the derivation
ofteT.

(Var)f t =xry...rp and all 7; € T, then tr = zry...7r,r € T follows with (Var) since
r € T by assumption.

(A) If t = Az.s and s € T, then s[r/x] € T holds since 7 is substitutive. Therefore
tr = (Az.s)r € T follows with () since r € T' by assumption.

(B)Ift=(Aru)ssy...spand u[s/x]|s1...s, € Tand s € T, then by LH. u[s/z]|s1...s,7 €
T holds. Since s € T, tr = (Az.u)ss1...s, 7 € T follows with (5). O

Lemma 3.2.4. Let 1 =1 — -+ — 7, — 7, where 7' is not a function type. If all 7; are
applicative, then T is substitutive.

Proof by induction on the derivation of s € T'.

(Var) If s = ysi...s, and all s; € T, then s;[r/xz] € T holds by LH., i = 1,...,n. If
x # y, then s[r/z] = y(si[r/z])...(su[r/z]) € T by (Var). If © = y, then y : 7 holds, and
therefore s; : 7;, and s;[r/x] : 75, i = 1,...,n as well. Since all 7; are applicative, s[r/z] =
r(si[r/z]) ... (sp[r/x]) € T holds.

(A) If s = Ay.u where u € T', then by LH. u[r/z] € T. From this, s[r/z] = Ay.(u[r/z]) € T
follows by (A).

(B) If s = (Ay.u)sps1...5, by ul[so/y]s1...5, € T and sg € T, then s[r/z] = (Ay.(ulr/x]))
(solr/x]) ... (sn[r/x]) € T follows by (B) since u[r/z|[so[r/x]/y](s1[r/z]) ... (sn[r/z])
= (u[so/y] s1...sn)[r/z] € T and so[r/z] € T by L.H. O

Exercise 3.2.5. Show that for type-correct s and t the following holds: if s € T and t € T
then (st) € T.

Theorem 3.2.6. Ift is type-correct, then t € T holds.

Proof by induction on the derivation of the type of t. If ¢ is a variable, then ¢ € T holds by
(Var). If t = Az.r, then t € T follows by () from the IL.H. r € T. If t = r s, then ¢t € T follows
by exercise 3.2.5 from the LH. r € T and s € T'. O

Theorem 3.1.7 is just a corollary of Theorem 3.2.6 and Lemma 3.2.2.

3.3 Type inference for \™

Types: T = Dbool|int]... basic types
la|B|v] ... type variables
’ T — T2
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Terms: untyped A-terms

Type inference rules:

Tt :m =7 'Fty:m Fz:m|Ft:m
Ff—(tl tg):TQ Ff_()\l‘.t)ZTl—>T2

'z :T(z)

Terms can have distinct types (polymorphism):

AL.T o — «

AT int — int

Definition 3.3.1. 71 2 72 :& 3 Substitution 6 (of types for type variable) with 71 = 0(m2)
(“ry is more general than or equivalent to 71.”)

Example:
int »>int 2 a—a 2 [f—=0 2 a—«

~

Every type-correct term has a most general type:
Theorem 3.3.2. T'+it:7 = Fo.Tkt:0c AVI/THt: 7 = 720

The proof idea (we do not go into the details) is to use the typing rules in a backward manner
and generate constraints in the form of equations between types, much like a Prolog interpreter
would apply the rules. We describe the generation of the constraints by adding an output
parameter | C, a set of constraints, to our typing rules:

I'(z) is defined
Fkz:7|{r=T(x)}

PFs:7|Cs LHt:n |G Pz: X|Ft:7|C
CE(st):7|{rs=7—=71}UCsUCy TFXt:T|{T=X > 7}UC

where X is a new type variable. The output C' is computed by applying the rules backwards,
starting with I' - ¢ : 7, where 7 is typically a new type variable. In the end you obtain a set
of constraints C' such that I' = ¢ : 7 | C. You now have to solve C' (by unification) to obtain a
substitution 0. If 6 exists, 6(7) is a most general type of ¢ (in context I').

Example, using Roman instead of Greek letters as type variables. We do not carry whole sets
of constraints around but only note in each step which new costraint has been generated.

Xz y.(yz): A
if [z:BJFAy.(yz):Cand A=B—C
if [z:B,y:D]F(yz):EandC=D —FE
if [x:B,y:DFy:F—FE and [z:B,y:D]Fa:F
it D=F—F and B=F

Therefore: A=B—-C=F—(D—FE)=F— (F—-FE)—E)

Exercise 3.3.3. What is the set of constraints generated when trying to infer the type of
Az.(x x)? Does it have a solution?
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3.4 1let-polymorphism

Terms:
t = x| (t1t2) | M\et | let z =15 inty

The intended meaning of let x = t; in {9 is t2[t;/x]. The meaning of a term with multiple
lets is uniquely defined because of termination and confluence of —3. We will now examine
type inference in the presence of let.

Example:
let f=MXr.x in f f
— <~ <~
f:Va.a—a fitla—a/a] f:7[a/d]
T
Note

e V-quantified type variables can be replaced by arbitrary types.

e Although (Af.pair (f 0) (f true)) (Ax.z) is semantically equivalent to the above let-term,
it is not type-correct, because A-bound variables do not have V-quantified types.

The grammar for types remains unchanged as in Section 3.3 but we add a new category of type
schemas (o):
o = VYao | T

Any type is a type schema. In general, type schemas are of the form Vo ... Va,.7, compactly
written Vo ... ay.T.
Example of type schemas are «, int, Va.a — « and Va5.a — 5. Note that (Va.ao — o) —
bool is not a type schema because the universal quantifier occurs inside a type.
The type inference rules now work with a context that associates type schemas with variable
names: I is of the form [z1 : 01,..., 2y : op):
——— (Var
'Fz:T'(x) (Var)
'ty —r1 T'Hty:m
CE(tite): 7
Plz:m]kFt:m
L'E(A\zt):m1 — 7

T'Ft:01 Dz :o1]Fte:oo
I'tlet x=t; inty : o9

(App)

(Abs)

(Let)

Note that A\-bound variables have types (7), Let-bound variables have type schemas (o).
Then there are the quantifier rules:

I'Ft:Vao .
L't:o[r/al (vVElim)
Tr i Yoo (VIntro) if a ¢ FV(I)

where FV ([x1: 01,...,2y 2 0p]) = Uiy FV(0i) and FV (Vo ... ap.7) = Var(r) \ {ai1,...,oan}
and Var(7) is the set of all type variables in .
Why does (VIntro) need the condition o ¢ FV (I')?
Logic: r=0F2z=0 %4 z2=0FVz.x =0
Programming: Az.let y =z in y + (y 1) should not be type-correct.
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But this term has a type if we drop the side-condition:

[x:alFx:a

(vntro) [y : Va.a] y'+ (y1):int

[t:a]Flety=xiny+(y1l):int
Alety=ziny+ (y1l):a— int

[z:a]lFx: Voo

Problem: The rules do not provide any algorithm, since quantifier rules are not syntax-directed,
i.e. they are (almost) always applicable.

Solution: Integrate (VElim) with (Var) and (VIntro) with (Let):

I'(z) =Vaq...an.T

V )

Fkax:7[n/a,..., /o) (Var’)

F'Ht1:7 Lz : gen(D, )] F ty : 7o
I'Fletx =t inty: 7

where gen(I',7) =Vai,...,an.7 and {aq,...,an} = Var(r) \ FV(I).

Rules (Var) and (Let) are replaced by (Var’) and (Let’); (App) and (Abs) remain unchanged,;
(VIntro) and (VElim) disappear. The resulting system has four syntax-directed rules and all
typing judgements are of the form I' F ¢ : 7; type schemas occur only in I'.

(Let”)

Example:
D=F=xFE F=A
'Ep:F—»(E—=D) I'ta:F c=F G = Axint H =int
IMtpx:E— D I'z:FE B=AxG Mvry:H—-G T"+1:H
I't(pz)z:D I'"ty:G—B I"tyl:G
Mz:AlFXzpzxz:C—D I'Mry(yl): B

Fz:AlFlety=Xzpxziny(yl): B
F'=[1:int,p:Va,f.a—= = (a*xp)]FAXrlety=Azpzrziny(yl): A— B

(where I =T[z: A,z: Cland I =Tz : A,y : VC.C — A= C])
= B =Ax(Axint)

Let DM be the system with the rules (Var), (App), (Abs), (Let), (VElim) and (VIntro) and DM’
the system with the rules (Var’), (App), (Abs) and (Let’). Because each rule in DM’ can be
simulated in DM we have:

Lemma 3.4.1. I'tpyppt:7 = I'kpyt: .
To state the opposite direction we need a definition of “more general” on type schemas:
V. T 2B i I, T = T[T /@] A B1, -, B & FV (Vam,.T)

Theorem 3.4.2. T'kpyt:o = In. Thkpyprt:T7Agen(T',7) 20

Complexity of type inference:

e without let: linear
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e with let: DEXPTIME-complete (Types can grow exponentially with the size of the terms.)
Example:

let g = Ay A\z.zy Yy
in let 1 = A\y.zo (20 y)
in ...

let Tpyl = )\yffn (xn y)
in Tp41 ()‘Z‘Z)
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Chapter 4

The Curry-Howard Isomorphism

4.1 Simply Typed A-Calculus

typed A-calculus (A7) constructive logic (intuitionistic propositional logic)
Types: 7 == «|f|vy]|...|7—=7T Formulas: A == P|Q|R|... |[A—A
—_——

propositional variable

PkHt:7 I'-A (T: finite set of formulas)
'tti:m—=m  T'Fi:m 'rA—-B TFA :
A
'+ (tl tg) T ( pp) I'-B (_> Ehm)

Plz:m|kFt:m I'A+B
TFhedon om 0% FFAp (7o)
I'ka:T(z)if I'(x) is defined FFAifAeT
type-correct A-terms proofs

o [xralkFxa AF A

Example: Fldxx:a—a FA— A

The A-term encodes the skelton of the proof. | This derivation is represented in a compact manner
by Az.x and can be reconstructed by type inference.

For brevity we write —I/E instead of — Intro/Elim in the sequel.
Proofs where the first premise of —F proved by —I can be reduced:

z:BrFz:B .. .. x:BtFx:B

T T)
7 2 2

/
I''zt:BkFs: A NP4 5

'M.s:B—-A T'Ft: B
' (A\z.s)t: A I'kEsft/z]: A

—1
—F

39
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Proof reduction = Lemma-elimination
Correctness follows from subject reduction: types are invariant under S-reduction.

Example:
(A=A -B—=>C)= (A=A —=B)=-C = ¢
N——
a’ Y

Two proofs:

Az y. (A’ .x d (yad)) (Na.a): ¢  proof by lemma A — A
— Az \y.x (Aa.a) (y (Aa.a)) : ¢ proof in normal form

Definition 4.1.1. A proof is in normal form if the corresponding A-term is in normal form.

Therefore a proof is in normal form if and only if no part of the proof has the following
form, introduction followed by elimination:

—1T

—F

A typed A-term in normal form that is not a A-abstraction must be of the form x ¢y -- - t,.
Translating this into the language of proofs it means:

Lemma 4.1.2. A proof in normal form that does not end with —1 has to have the following

form:
assumption-rule N

'-4,—...—44,— A ' A,

r-A4,—4 '+ A,
r-A

—F

—F

In the sequel note that every formula is a subformula of itself.

Theorem 4.1.3. In a proof of I' = A in normal form, only subformulas of I' and A occur. This
1s called the subformula property.

Proof: by induction on the derivation of " - A.
1. ' A with A € I': obvious
2.

N\

T, A F Ay

-1 FFA1—>A2
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Induction hypothesis: only subformulas of I';, A; and As occur in 7. Hence the assertion
follows immediately.

3. If the last rule is —F, Lemma 4.1.2 applies. Because of assumption-rule: 4; — --- —
A, — A e€T. Ind. hyp. for the subproofs I' - A;: only subformulas of I" and A; occur and
thus only subformulas of I". In the leftmost branch of the proof only I" and subformulas

of Ay — --- — A, — A occur. Therefore, in the whole tree only subformulas of I" occur.
O

Theorem 4.1.4. T'+ A is decidable.

The proof is the following algorithm:

Search for proof tree in normal form (always exists, since — g terminates for type-correct
terms) by building it up from the root to the leaves. The algorithm is expressed as the
following recursive function prove(I' F A) that may succeed (with a proof of I' = A) or
fail:

Cycle test: if this call of prove(T' - A) is a descendant of a previous call of prove(I" = A),
then fail. Otherwise try to prove I' - A:

If ' A with A € ', then succeed with proof by assumption.

Otherwise try to use —I, if A= B — C, and call prove(I’, B+ C). If this fails or A is
not an implication, try to use —F as in Lemma 4.1.2: tryall A} —--- — A, - A€l
(one after the other, finite choice) and for each one call prove(I' - 4;) foralli =1,...,n.
This algorithm terminates for the following reasons. A call prove(I' - A) can generate
only direct recursive calls prove(I” F A’) where all the formulas in I, A" are subformulas
of formulas in I, A. By transitivity of the subformula relation, this is also true for
indirect recursive calls. Thus there are only finitely many possible arguments for all
recursive calls of prove(I' - A). Because of the cycle test, all calls must terminate. [

Example:
'FP5Q—>R TFP I'-P->Q TFP
TFQ—R -k Q. -k
r—-P-QRP-QPFR %
3 times —1

F(P-Q—R) - (P—-Q)—P—R

Peirce’s law ((P — @) — P) — P is not provable in intuitionistic logic. Note that - ¢ is
never provable by —F because that would require a formula A1 — --- — A,, — ¢ in the context
but the context is empty. Hence we try proof by —1I:

TFA, P TFA,
T=(P—>Q) >PrpP
F(Poq P —p !

E

with Ay - - > A4, 2 Pel = n=1and A4, = P — Q. Consider ' H P — Q.
The derivation cannot be done by —F, because I' does not contain any formula of the form
-+ = (P — Q). Hence:
rp+-B,—-Q I'P+FB,
IPHQ
TFP—Q

with By — .-+ — B, — Q € I', P — but such a formula is not found in I' and P. Thus Peirce’s
law is not provable.

Note that Peirce’s law is a tautologie in classical two-valued propositional logic. Therefore
constructive logic is incomplete with regard to two-valued models. There are alternative, more

1
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complicated notions of models for intuitinistic logic. The decision problem if a propositional
formula is a tautology is NP-complete for classical two-valued logic but PSPACE-complete for
intuitionistic logic.

Exercise 4.1.5. Prove - ((((p = ¢) > p) = p) = q) — q.
Exercise 4.1.6. The algorithm in Theorem 4.1.4 can be streamlined as follows:
1. When trying to prove I' = A — B, it suffices to try —I. Explain why.

2. The attempt to prove I' - A by assumption can be dropped: it is subsumed by the
alternative using Lemma 4.1.2. However, the proof obtained can be different. Explain the
difference and why the outright proof by assumption is subsumed.

Here are two examples that go beyond propositional logic but illustrate the fundamental
difference between constructive and not-constructive proofs:

1. Vk > 8.3dm,n.k =3m+ 5n
Proof: by induction on k.
Base case: k=8 = (m,n)=(1,1)
Step: Assume k = 3m + 5n (induction hypothesis)
Case distinction:
1.n#0 = k+1=(m+2)*x3+(n—1)%5
2n=0=m>3 = k+1=(m—-3)*3+(n+2)*5 O

Corresponding algorithm:

f:IN28—>IN><]N

f(8) = (1,1)
f(k+1) = let (m,n) = f(k)
in if n # 0 then (m+2,n — 1) else (m —3,n + 2)

2. Jirrational a,b. a® is rational.

Case distinction:

1. \/iﬂrationalia:b:\/ﬁ
2. \/iﬂirrational:a:\/ﬁﬂ,b:ﬂ = at=+122=2

Classification:
Question Types Formulas
t:7 7 (t explicitly typed) Does ¢ have the type 7 7 Is ¢ a correct proof of formula 7 ?
Irt:T type inference What does the proof t prove?

Jtt:r program synthesis proof search
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4.2 More Propositional Logic

4.2.1 Conjunction = Cartesian Product
We extend terms with pairs and projections:
t n= | <t1,t2> ’ mt | ot

New proof rules for new connective “A”:

I'Ht1: 41 Thty: Ay I'kEp: Al NA
I'F <ti,to>: A1 AN Ag 'tmp: A

AE; (i=1,2)
Conjunction behaves like Cartesian product: A = X.

Example proof:

p:A/\BI—p:A/\B/\E p:A/\BI—p:A/\B/\E
p:ANBFmp: B 2 piAABFmp:A Il
p:AANBFE<myp,mp>:BANA 7 A
I—)\p.<7r2p,7r1p>:A/\B—)B/\A_>
Reduction rules:
7Ti<t1,t2>—>7riti (i:1,2)
As proof reductions:
Dy Dy
F}—tliAl Fl_tQ:AQ Al
I'E<ti,to>: A1 A Ag AE, D;
' m<ti,to>: A; Yo TRt A

k3

Eliminates Al followed by AFE.

Theorem 4.2.1. The joint reduction relation —5 U —r, is terminating on type-correct terms.
Theorem 4.2.2. The joint reduction relation —g U — 1, is confluent on type-correct terms.

Proof idea: there is no “critical” overlap between rules, thus the reduction is locally confluent
and by Newman’s Lemma confluent.

Theorem 4.2.3. Proofs in normal form have the subformula property and I' = A is decidable.

Proof: a simple extensions of the corresponding proofs for — alone.

We now look briefly at a further extension, surjective pairing. We only consider terms
and reductions.
<mt,mot> —7sp t

By — we abbreviate —g U =, U —,. Similar to above, one can prove that — is terminating
and confluent on type-correct terms. The proof of local confluence is a little bit more interesting
because this time there is a critical overlap, but that overlap is trivial because both reducts are

identical:
mit

i
\Sp

it

mi<m t, o t>
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Thus — is locally confluent and hence confluent on type-correct terms.

However, it should be noted that — is not confluent on all terms (incl. not type-correct
terms like Y): Let r = (Y's), s = (Y't) and ¢ = Azy. <mi(2y), m2(2(zy))>. Then r =5 z(sr)
and r =75, t(z(sr) but these two terms have no common reduct.

We do not consider surjective pairing in the sequel.

4.2.2 Disjunction = Disjoint Union
We extend terms with case-expressions and injections:
t == ... | dnit | ingt | casettyty
Notation:
e Frequent alternative names for inj /ing are inl/inr.

e Syntactic sugar: case t of injx = t1 |ingy = ta = caset (Az.t1) (\y.t2)

New proof rules for new connective “V”:

FHt: A F'Ft: A1 VA, T,x:Aikt1:B T y:Asbte: B

I'tingt: AV Ag Vh (i=1,2) I'Fcaset (Ax.t1) (A\y.t2) : B VE

Disjunction behaves like disjoint union: V & +.

Reduction rules:
case (an t) t1 to —?in; (ti t) (Z = 1, 2)

On the level of types/formulas:

D D;
F"Az v D1 D2 F,AZI_B D
TFAvA, ' T.A,FB T.4,-B T4, 58 1 T4,
TF B VE TF B - F

Eliminates VI followed by VE.
Theorem 4.2.4. The reduction relation —g U —r, U —p, s terminating and confluent.

But proofs in normal form do not have the subformula propertty:

AFA A}_A/\I AFA AR A
AVAFAVA AFANA

AVAFANA

AVAEA

N
AFAANA VE

ANE

New reduction rules:
m; case t (Ax.t1) (A\y.t2) —  caset (Az.mit1) (Ay.mita)

VE VE VE
Same problem with —F and VE. A possible reduction for —F:

(case t (A\x.t1) (A\y.t2))u —  caset (Ax.tyu) (\y.tou)
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All required reductions (known as commuting conversions) can be expressed uniformly by
one rule schema:

Elcase t (Az.t1) (A\y.t2)] — case t (Az. E[t1]) (\y. E[ta]) (4.1)

where EJ.] is an “elimination context”, i.e. the principal premise of an elimination rule, i.e.
the premise with the connective that is eliminated. Thus there are three possible cases for Ele]:
mie, (s e) and case e (M. s1) (Aw. s2). The resulting reduction relation is still terminating and
confluent and posesses the subformula property.

Exercise 4.2.5. Write the three commuting conversions (4.1) as reduction rules between proof
trees, without A-terms, for example like the second version of —;,, above.

4.2.3 False and Negation
Syntax for False: L.

Proof rule: R
TFet:A+F
Think € = “exception” or “error”. There is no introduction rule!

We consider —A as an abbreviation of A — 1. This leads to the following derived rules:

VAE L 'F-A TFHA
TF-A TF 1

-F

Classical two-valued logic adds

T,-AF L
T A

contr

For confluence, more reduction rules are needed: Elet] — ¢t

4.3 System F

Terms and types:
t = z|c|(tite) | AT t]| At | (E7)
T = a|mn > 7n|Var

Examples: Aa. Az : «.x which has type Va.a — «
(M. Az : . x) int) 5)

Remarks:

e Important application: programming languages with powerful type systems and explicit
type annotations. System F is the basis of Haskell’s intermediate language Core. Types
are not needed at runtime but are required for type-checking.

e Generalizes ML types. Example: (Va.a — o) —  —

Proof rules: A7 extended with

'Ht:7 agéFV(F)VI T'Ht:Va.1
' Xa.t:Va.r k(7)) : 7] /a]

VE
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Example: let 7 = Va.a — a:

r:ThHx:T
x:THE(@T):T—>T r:ThFx:T

x:tH((xT)x): T -k

Fxx:r.((x1)x):7—>71

—I

Reduction rules: — 4 and
((Aa.t) 7) — t[T/a]

Theorem 4.3.1. On type-correct terms, the reduction relation is confluent and terminating.

Proofs in normal form obey a subformula property where 7[7'/a] is considered a subformula
of Va. 7. Thus it does not follow that we can decide if a type is inhabited, i.e. if there is a term
of that type. In fact:

Theorem 4.3.2. In System F it is not decidable if a given type is inhabited.
Nor is type inference decidable:

Theorem 4.3.3 (Wells). It is undecidable if for a given untyped A-term t there is a type-correct
term t' in System F such that erasing all types from t' yields t.

We will now see how we can define data types and propositional logic in System F.

4.3.1 Booleans

Typed version of untyped construction.
bool =Va.a - a — «
true = Az : a\y : .z (: bool)
false = Aa Xz : ady :a.y  (: bool)
if = Ab: bool.b

Typing of if: b:bool,x:T,y:THifbTraxy:T
Reductions as required: if true T st — true st —3 s
4.3.2 Conjunction

Typed version of untyped construction.
T1 X 7o =Va.(11 = 72 — «) > « (container waiting for consumer)
pair = AaABAr iy BAyApra— B =y (pr)y (VavVB.a— f— axf)
T = A1 A2 AP 1 ag X ag.p oy (Axy a1 Az ag.x;) (1 Vag.Vag. ap X as — )

Reductions as required: m; 71 7o (pair 7 T2 t1 ta) —* ;
Interpreting x as A, the definition of A is
A1 NAy=VB.(Ay - Ay — B) — B
From this definition we can prove AFE;:

T'H Al A A VE
- A,

Fl—Al—;AgﬁAi

—F
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Lemma 4.3.4 (Weakening). If ' CT” and T'H A then TV - A
The proof is by induction on I' - A.

Exercise 4.3.5. Derive Al considering only formulas, not terms, like in the derivation of AE;.

4.3.3 Recursive Types

Motivation:
dataT a=Ci 711...Tin, | | Ch Tkl - - - Thny

Restriction: if T" occurs in 7;; then 7;; = T @.

Satisfies restriction:

data Prod a b = Pair a b

data Sum a b =Inl a | In2 b

data Nat = Z | S Nat

data List a = Nil | Cons a (List a)

Not covered but legal Haskell:

data T a = C (T (a,a))
data T =C (T -> T)

Representation of the data type

Ti=Til— - —Tip, > T @ (Type of Cy)
o; = TZ‘["}//T @]
Ta=Vy.o01— 0p—=>7

where v is a new type variable.

Example: Sum o 8 =Vvy.(a =) = (B—7) = v

Definition of the constructors

Ci=XaAx1 1 Tin ... ATy, Tin, MY Af1 01 A fie i Ok fi S1...8n,;

. itr; #T @
n o J v
where s; { xjy fi...fr otherwise

Example: Inl1 = af. Az :a. My Af:a—= v Ag:B—=>~v.fx

Definition of primitive recursor

Specification:
rec:Va.Ta—Ta
recp(Cizr...xp,) 0 fro.. fo="Ffit1...tn,
T if Tij 7& Ta

here t; = .
W J recpxjo fi...[fr otherwise

Implementation:
rec =X a. \x: T a.x
Unifies if, case and 7;
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4.4 Barendregt’s Lambda Cube

Aw Mlw

A2

N >
[\

Aw Allw

Values depending on types
Polymorphism

Types depending on values
> AT

Dependent types

Note: A2 = System F and Allw = Calculus of Constructions



Appendix A

Relational Basics

A.1 Notation

In the following,— C A x A is an arbitrary binary relation over a set A. Instead of (a,b) € —
we write a — b.

Definition A.1.1.

TSy & royVr=y (reflexive closure)

Ty & r—o>yVy—ro (symmetric closure)

xiy & dT1,. LTy T=T] DX > Ty =Y

t 5y e In>0.20y (transitive closure)

rSy o >0y (reflexive and transitive closure)
rSy e xz(o)'y (reflexive, transitive and symmetric closure)

Definition A.1.2. An element ¢ is in normal form wrt. — if these does not exists any b
that satisfies a — b.

A.2 Confluence

Definition A.2.1. A relation —

is confluent, if z >y Az Sy = Fz. 41 =2 A 4o — 2.

is locally confluent, if z —y; Az — 1y = Jz.y1 = 2 A ys — 2.

has the diamond-property, ifx - y; Az =y = Jz.y1 = 2z A y2 — 2.

*
T —>1U1 T —>1U1 T —>1U1
i . i . l |
x Vv x V \
Y - - >z Y2 - - >z Y2 - - >z
confluence local confluence the diamond-property

Figure A.1: Sketch of Definition A.2.1

49
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Fact A.2.2. If — is confluent, then every element has at most one normal form.

Lemma A.2.3 (Newman’s Lemma). If — is locally confluent and terminating, then — is
confluent.
Proof: by contradiction
Assumption: — is not confluent, i.e. there is an z with two distinct normal forms nq

and ny. We show: If x has two distinct normal forms, x has a direct successor with
two distinct normal forms. This is a contradiction to “— terminates”.

N\

SN x xS N

/
/s ™ . - \*\
/ - AN
nl/ i \nQ

1. n # ny: y1 has two distinct normal forms.
2. n # ngy: yo has two distinct normal forms.

Example of a locally confluent, but not confluent relation:

Lemma A.2.4. If — has the diamond-property, then — is also confluent.

Proof: see the following sketch:

° °
v \

o - - >0 - ->-.--- -- >0
\ vV
\ \

o - - >0 - ->-- -- >0

0

Lemma A.2.5. Let — and > be binary relations with — C > C . Then — is confluent if >
has the diamond-property.



A.2. CONFLUENCE o1

Proof:
1. Because * is monotone and idempotent, — C > C X implies B C>*C (i>)* = i>, and
thus = = >*.
2. > has the diamond property
= > is confluent (Lemma A.2.4)
< >* has the diamond property
& 5 has the diamond property
< — is confluent. O

Definition A.2.6. A relation — C A x A has the Church-Rosser property if
adb e deaSedb

Theorem A.2.7. A relation — is confluent iff it has the Church-Rosser property.
Proof:
< : obvious

= : By induction on the number of “peaks” in a <+ b. Informally:

o*%b

*

*
<
*

*
< - -

e —> 0 - - >0

| |

*j/ * X

e —> 0 - - >0 -->0
| |

*j/ * * X

* Vooox \4 \

a -->e - ->e - - >¢C

Corollary A.2.8. If — is confluent and if a and b have the normal form al and bl, then the
following holds:
adsb o al=b]

Proof:
< : obvious
=
*

N« [CR] ./~
\

*| [K] c
/

b

a

K] |* [K]: confluence of —
[CR]: The Church-Rosser property of —

“
N
VAR AN
al = bl
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A.3 Commuting relations

Definition A.3.1. Let —1 and —9 be arbitrary relations. —; and —9 commute if for all

s,t1,to the following holds:
(S —1 1 ANs —2 tg) :>3u.(t1 —o U Nty —1 u)

e —— o

1 |
2 12
V

o -->00

Lemma A.3.2 (Hindley/Rosen). If —1 and —o are confluent, and if 51 and 5o commute,

then —19 := —1 U —9 is also confluent.

Proof:
* k *

[Kf]: —1 or rather — is confluent.
[Km]: —; and —2 commute.

Lemma A.3.3.
o ——— o
1 |
2 * 2 * *
v = —1 and —»9 commute.
e - -->o0
1
Proof:
S ° - t
1 1 1
2 *|2
e— o
1
2 *|2 *|2
o ; Y
1
2 *|2
1 1 1

Formally: use an induction first on the length of s —7 ¢,

length of s =3 u.

and then use an induction on the
O
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